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The Toffoli gate serving as a basic building block for reversible quantum computation, has man-
ifested its great potentials in improving the error-tolerant rate in quantum communication. While
current route to the creation of Toffoli gate requires implementing sequential single- and two-qubit
gates, limited by longer operation time and lower average fidelity. We develop a new theoretical
protocol to construct a universal (n + 1)-qubit Toffoli gate sphere based on the Rydberg blockade
mechanism, by constraining the behavior of one central target atom with n surrounding control
atoms. Its merit lies in the use of only five π pulses independent of the control atom number n
which leads to the overall gate time as fast as ∼125ns and the average fidelity closing to 0.999. The
maximal filling number of control atoms can be up to n = 46, determined by the spherical diame-
ter which is equal to the blockade radius, as well as by the nearest neighbor spacing between two
trapped-atom lattices. Taking n = 2, 3, 4 as examples we comparably show the gate performance
with experimentally accessible parameters, and confirm that the gate errors mainly attribute to the
imperfect blockade strength, the spontaneous atomic loss and the imperfect ground-state prepa-
ration. In contrast to an one-dimensional-array configuration it is remarkable that the spherical
atomic sample preserves a high-fidelity output against the increasing of n, shedding light on the
study of scalable quantum simulation and entanglement with multiple neutral atoms.
I. INTRODUCTION
The long-range nature of the Rydberg-Rydberg inter-
actions in n control atoms can collectively manipulate a
single target atom, applying for an (n + 1)-qubit Toffoli
gate [1], which has served as a useful protocol for quan-
tum error correction and reversible arithmetic operation
in a large number of systems [2–4]. When n = 2 this
corresponds to a usual three-qubit Toffoli gate that has
found realizations in trapped ions [5, 6], superconduct-
ing circuits [7–9], superconducting artificial atoms [10],
single photonic architecture [11], silicon spin qubits [12]
and linear optical systems [13, 14]. For larger n it remains
elusive for experimental implementation due to the im-
perfect manipulation of multiple qubits that requires a
composition of single- or two-qubit gates, increasing the
complexity of system [15–18]. In contrast to these previ-
ous efforts using versatile platforms, a system associated
with Rydberg blockade interactions, originally found by
M. Lukin et. al. [19], can essentially provide a clean envi-
ronment to implement an (n+1)-qubit Toffoli gate since
the single target atom acquires a conditional excitation
induced by the competitive excitation of n control atoms
within the “blockade radius”. Here the blockade radius
is defined to characterize the maximal value of two-atom
separation, within which any one of n control atom’s ex-
citation can strongly block the excitation of the unique
∗ jqian1982@gmail.com
target atom [20, 21].
So far the family of (n+1)-qubit Rydberg Toffoli gates,
has absorbed attractive attentions for a long time owing
to their remarkable properties (excellent quantum coher-
ence and long-range interaction) in large-scale quantum
computation and secure communication [22]. However
the implementation of multiqubit Toffoli gates with Ry-
dberg atoms still stays at the theoretical level, lacking
of practical developments due to relatively low quan-
tum state initialization and ground-state coherent con-
trol [23]. Until very recently, the Toffoli gate based on
Rydberg blockade was first demonstrated experimentally
with atoms trapped in an one-dimensional (1D) array of
optical tweezers, leading to an average fidelity ≥ 0.837
[24]. While such a 1D array configuration may be uneasy
for extending into a largely scalable quantum computing
network because the next-to-nearest neighbor interaction
between long-range atoms is weak, insufficient for block-
ing the excitation of a middle target atom. The three-
body Fo¨rster resonance among three interacting atoms
has been utilized to facilitate interatomic dipole-dipole
interactions resulting in a fast and high-fidelity three-
qubit Toffoli gate [25].
In the current work, we present a new three-
dimensional (3D) spherical atomic ensemble for realizing
multiqubit Rydberg Toffoli gate based on the blockade,
promising for a scalable (n+1)-qubit Toffoli sphere with
up to n = 46 control atoms. Unlike previous proposals
utilizing 1D linear or two-dimensional (2D) square arrays
to trap atoms [26–30], our model remarkably offers suf-
2ficient blockaded energy for arbitrary two atoms inside
the sphere, once its diameter is equal to the two-atom
blockade radius, leading to a flexible implementation of
arbitrary-qubit Toffoli gate. Our scheme is verified to en-
sure an ultrahigh fidelity output ∼ 0.999 accompanied by
a very short gate time ∼ 125ns, with the help of only five
common π pulses that is fully independent of the number
of control qubits n [31].
Taking n = 2 as an instance, the major contribu-
tions to the gate error come from the imperfect block-
ade and finite Rydberg state lifetime. The former has
manifested as a routine error considered for all block-
aded gates [32–34]. Here a more precise scaling relation
Eb ∼ 0.5(Ω0/V0)1.97 is numerically supported. The latter
will cause an inevitable spontaneous decay error identi-
fying an exact linear scaling as EΓ ∼ Γ/Ω0 for the pulse
duration ∝ 1/Ω0 [35]. The imperfect ground state initial-
ization to the gate fidelity is complementarily explored
according to the experimental parameters, providing us
a straightforward route to realize higher fidelities of mul-
tiqubit Rydberg Toffoli gate with a stronger blockade
strength, longer lifetimes, and more stable initial prepa-
rations. In contrast to a traditional 1D array protocol,
our system benefits from a preserved strong blockade cov-
ering any atom inside the Toffoli sphere, robustly ensuing
a scalable multiqubit quantum computation.
II. BASIC THREE-ATOM TOFFOLI GATE
A. Protocol of a (2 + 1)-qubit gate
The basic idea of our Toffoli sphere is enabled by a
(2+1)-qubit gate, as illustrated in Fig. 1(a), consisting of
three atoms which involve two control atoms C0, C1 and
one target atom T , trapping in e.g. a tunable triangu-
lar optical lattice [37]. Arbitrary geometries of 2D arrays
can be obtained by imprinting a phase map with the spa-
tial light modulator [38]. It is assumed that, each atom
contains two hyperfine ground states |0c0,c1,t〉, |1c0,c1,t〉
and one Rydberg state |rc0,c1,t〉, experiencing the optical
excitation and de-excitation transitions by five π-pulses
Ω1∼5. When any two of three atoms are coupled to Ry-
dberg levels simultaneously it leads to a Rydberg energy
shift defined by Vcc for two control atoms and by Vtc for
one control and one target atoms. Without loss of gener-
ality all control atoms are considered to be identical by
safely ignoring the subscripts 0,1,2, ... of c throughout
the paper.
Provided π pulse sequences Ω1∼5 like Fig. 1(c) the
corresponding atom-field interactions are demonstrated
in (b) where Ω1,5 makes the transition of |0c〉 ⇄ |rc〉
for control atoms, Ω2,4 makes the |1t〉 ⇄ |rt〉 transition
for the target atom, and Ω3 results in a reversible target
population exchange between |0t〉 and |rt〉. Remember
|1c〉 is an idler for control atoms. The detailed procedure
for gate performance depending on the Rydberg blockade
mechanism can be understood by following the diagram
FIG. 1. (color online). (a) Schematic diagram of simplest
(2 + 1)-qubit Rydberg Toffoli gate configuration that can be
extended to a 3D spherical structure [also see Fig.8a]. The
only target atom T (green circle) placed in the spherical cen-
ter is surrounded by 2 identical control atoms C0 and C1 (blue
circles), yielding a (2 + 1)-qubit gate. Here Vtc and Vcc de-
scribe the nearest target-control and control-control Rydberg-
Rydberg interactions, respectively. Ground rubidium atoms
arranged in a triangular lattice are globally driven to Ry-
dberg states by using a two-photon transition via counter-
propagating 795nm and 474nm laser beams, coupling the
transition of 5S1/2 → 5P1/2 → 82D3/2. The intermediate
state 5P1/2 is largely detuned. This triangular microscopic
optical trap (triangular lattice) is formed by focusing 850nm
Gaussian lasers with a high-numerical-aperture aspheric lens
[36]. (b) Detailed interpretation of three atomic energy levels,
interacting with five π-pulses Ω1∼5 denoted as 1 ∼ 5. (c) Real
timing diagram of Ω1∼5 with equal amplitude Ω0 and dura-
tion τ1∼5 = π/Ω0. When more than two input control atoms
(denoted by n) are prepared in state |0c〉 by detection, the
duration of Ω1,5 becomes τ
′
1,5 = π/(
√
nΩ0) with the effective
pulse amplitude
√
nΩ0 for preserving the π-pulse area. The
total gate pulse time persists a constant value 125ns. Noting
Ω4 = −Ω2, Ω5 = −Ω1 enabled by a π-phase difference for the
two respective transitions.
of Fig. 2 where we write the basis state as |ααβ〉 with
α ∈ (0c, 1c), β ∈ (0t, 1t). Noting here two control atoms
are having same interactions with the target atom.
Depending on different initialization of two control
atoms, whether |α〉 = |0c〉 or not, the whole gate pro-
cedure can be classified into three Cases:
Case 1: When two control qubits are initialized in |11〉,
see Fig.2(a-b), no blockade effect appears since |1c〉 is
idle. The target atom initialized in |0t〉 or |1t〉 will solely
experience a state swapping along
|0t〉 Ω3−−→ i|rt〉 −Ω4−−−→ |1t〉
|1t〉 Ω2−−→ i|rt〉 −Ω3−−−→ |0t〉
due to the apply of π-pulses. The negative sign means a
π phase difference for Rabi frequencies in the respective
transitions.
3FIG. 2. (color online). Complete procedure of a (2+1)-qubit Toffoli gate, for all input and output qubits |ααβ〉. Case 1: (a-b)
No blockaded energy is required when two control atoms are both in the idle state |11〉. Case 2: (c-f) While one of two control
atoms is prepared in |1〉, it can fully prohibit the target atom’s excitation owing to the blockade energy Vtc between control and
target atom pairs. Case 3: (g-h) When both control qubits are initially in |00〉 it remarkably induces a superposition state by
collectively exciting one control atom to the Rydberg state |rc〉 due to the blockaded energy Vcc, breaking the excitation of the
third target atom if Vtc is sufficient at the same time. Here the steps involving the Rydberg blockade mechanism are denoted
by red arrows. The area of all square pulses is π and the sign “±” stand for different excitation or de-excitation directions and
k = 1 ∼ 5 denote the pulse Ωk.
Case 2: When only one of the two control atoms is
initialized in |0c〉, i.e. |01β〉 or |10β〉, it can be excited
to state |rc〉 by pulse 1, arising a strong blockade energy
Vtc to prohibit the excitation of the target atom. As a
consequence the target atom sustains on the initial state
accompanied by the unique control atom, experiencing a
state transition of
|0c〉 Ω1−−→ i|rc〉 −Ω5−−−→ |0c〉
which gives rise to same output qubit state as the initial-
ization, as shown in Fig.2(c-f).
Case 3: While two control atoms are prepared in state
|0c0c〉 it enables a simultaneous excitation to double Ry-
dberg state |rcrc〉 via pulse 1. However in the presence of
a strong interaction Vcc arising a big amount of shifted
energy to |rcrc〉 one may expect a collective entangled
state |Ψ+〉 like
|Ψ+〉 = (1/
√
2)(|0crc〉+ eiφ|rc0c〉) (1)
with only one control qubit being coherently excited [39].
To this end the effective induced Rabi frequency between
|0c0c〉 and |Ψ+〉 becomes
√
2Ω0 leading to the require-
ment of a shorter pulse duration τ ′1,5 = π/
√
2Ω0 for pre-
serving the π-pulse property. Here the key ingredient
lies in, once any one control qubit is collectively excited
due to a big blockaded energy Vcc, it is able to prevent
the excitation of the target atom no matter it is initial-
ized in |0t〉 or |1t〉, as long as the interatomic interaction
Vtc is sufficient (rtc ≤ Rb, here rtc is the target-control
distance, Rb is the two-atom blockade radius). Therefore
with the initial qubit state |00β〉 [see Fig.2(g-h)], the tar-
get atom can maintain its initialization, and at the same
time two control atoms undergo collective excitation and
de-excitation, returning back to the initial state |00〉 after
pulse 5.
By then we principally accomplish a realization of the
three-qubit Toffoli blockaded gate in a 2D triangular lat-
tice, allowing all input-output transformations obeying
the map of :
|Φi〉 = {|000〉, |001〉, |010〉, |011〉, |100〉, |101〉, |110〉, |111〉}
Ω1∼5−−−→
|Φf 〉 = {|000〉, |001〉, |010〉, |011〉, |100〉, |101〉, |111〉, |110〉}
in which the importance of blockade strengths Vcc and
4Vtc has been pointed out.
B. High-quality gate performance
We proceed to exploit the gate performance by nu-
merically solving the time evolution of master equation
via fourth-order Runge-Kutta (RK) algorithm: ρˆ(t) =
−i[Hˆ0(t) + HˆI , ρˆ] + Lˆc0 + Lˆc1 + Lˆt with Hˆ0 the time-
dependent atom-light interactions
Hˆ0(t) = 1
2
{Ω1σˆ0crc +Ω5σˆrc0c +Ω2σˆ1trt +Ω4σˆrt1t
+ Ω3(σˆ0trt + σˆrt0t)} (2)
and HˆI the atom-atom vdWs interactions
HˆI = 2Vtc|rcrt〉〈rcrt|+ Vcc|rcrc〉〈rcrc| (3)
Here the transition operator is defined by σˆmn = |m〉〈n|
and state |1c〉 is kept to be an idler. Lˆc,t standing for
the spontaneous emission from the Rydberg level |rc,t〉,
takes the form of
Lˆk[ρˆ(t)] = 1
2
2∑
j
[2Lˆj,kρˆLˆ†j,k − (Lˆ†j,kLˆj,kρˆ+ ρˆLˆ†j,kLˆj,k)]
(4)
with k ∈ (c, t) and Lˆ1,k = Γ|1k〉〈rk|, Lˆ2,k = Γ|0k〉〈rk|.
Γ denotes the spontaneous decay rate of |rc,t〉. Consid-
ering the gate of three atoms that the entire density op-
erator ρˆ becomes a 33 × 33 matrix, and the decay rate
Γ will cause the leakage of population onto other unde-
sired states lowering the fidelity as long as state |rc,t〉 is
involved. As far as we know, the three-qubit Toffoli gate
in neutral atoms mediated by Rydberg excitation has re-
cently reported [24] although the theoretical pursuit of
neutral-atom Toffoli gate has experienced a long history.
Here our target is achieving a reliable and simpler way for
an arbitrary multiqubit Toffoli gate via Rydberg block-
ade, simultaneously benefiting from a fast operation time
∼ 125ns and high-fidelity ∼0.999.
Consider three identical 87Rb atoms, individually cap-
tured with microscopic optical tweezers in a 2D trian-
gular lattice, with the hyperfine ground states |0(1)〉 =
|5s1/2, f = 1(2)〉 and Rydberg state |r〉 = 82D3/2,mJ =
3/2〉. The lattice spacing has a wide change from 0.96µm
to 11.2µm with real-time control of the periodicity of lat-
tice [40], providing us opportunities to flexibly adjust the
two-atom separations rtc, rcc in the design. In addition
the anisotropy of the van der Waals (vdWs) interactions
of |nD〉 Rydberg states causes a tunable two-atom Ryd-
berg interaction energy that depends on controlling the
angle between internuclear axis and quantization axis, as
demonstrated by experiment [38] which may be an alter-
native way for achieving tunable interactions in a certain
range. For |r〉 = |82D3/2〉 the experimental coefficient
C6 qualifying the vdWs interaction between two isolated-
trapped Rydberg atoms is C6/2π = 1400GHzµm
6, where
FIG. 3. (color online). In a (2 + 1)-qubit Toffoli gate scheme
as modeled in the inset, the measured truth table for the EF
Fααβ of arbitrary input and output qubit states |ααβ〉. The
AF attains as high as F0 = 0.9990. Relevant parameters are
described in the text.
the blockade radius was measured around Rb ∼4.0µm
[41]. The state |r〉 has a decay rate Γ/2π = 1.5kHz at
zero temperature [42]. We perform a reasonable effective
Rabi frequency Ω0/2π = 20MHz exciting atoms from
qubit states |0c〉, |0(1)t〉 to the Rydberg states |rc〉 and
|rt〉 via a two-photon process, giving to the minimal time
for gate operation T = 5π/Ω0 = 125ns, and the ratio
of decay is Γ/Ω0 = 7.5 × 10−5. Note that if the input
state is |00β〉 by detection, one should self-consistently
decrease the pulse durations τ ′1,5 = π/
√
2Ω0 < τ1,5 in
Case 3 however the whole gate time T is unvaried. For
preserving the strong blockade between nearest neigh-
bors, we use V0 = Vtc(cc) = 2π × 240MHz≫ Ω0 which is
verified to be a threshold of Rydberg blockade [see Sec.
IIIB], leading to a more precise value of blockade radius
that is Rb = (C6/V0)
1/6 = 4.24µm.
In our calculation the time interval in RK algorithm is
∆τ ∼ 0.1ns and the measured variables are
Fααβ =ααβ 〈Φf |ρ(t = tdet)|Φf 〉ααβ
F0 = 1N Tr[
√
ρetρ(t = tdet)
√
ρet]
1/2 (5)
where Fααβ is an element fidelity (EF) of each qubit
|ααβ〉, F0 describes the average fidelity (AF) of the gate
quality by comparing the real final state ρ(t) at t = tdet
after time evolution with the etalon state ρet of an ideal
Toffoli gate, averaging over all input states [43]. The
measurement time is tdet = 125ns, N = 8 denotes the
number of input states.
At the satisfactory of sufficient blockade strengths we
expect a high-fidelity transfer of input states to the de-
sired output states as shown in Figure 3 which exhibits
the full gate performance by calculating arbitrary EFs,
5as well as the AF of system, denoted by Fααβ and F0.
Perfectly agreeing with the theoretical predictions of the
three Cases, our result demonstrates that the inputs
|110〉 and |111〉 benefit from a maximal fidelity value
F11β ∼ 0.9996 due to its complete independence on the
blockade effect that is only affected by the decay er-
ror ∼ (7π/4)(Γ/Ω0) = 4 × 10−4 [33]. While if one of
two control atoms is initialized in |0c〉 the scheme suf-
fers from a target-control blockade Vtc, leading to a rela-
tively lower value F01(10)β ∼ 0.9980(1). As expected the
lowest value F00β ∼ 0.9964(5) appears in the presence
of input qubits |000〉 and |001〉 since the control-control
and target-control blockades both play crucial roles there.
The reason behind can be roughly understood by loading
the concept of blockade error from a residual double ex-
citation probability due to imperfect blockade, typically
scaling as ∝ Ω20/2V 20 ∼ 10−3 by theoretical analysis [33–
35] and experimental confirmation [23], arising a reduc-
tion of the gate fidelity. Luckily, it is shown that the av-
erage value F0 can reach as high as 0.9990 to our (2+1)-
qubit Toffoli gate within a very short gate operation time
125ns, where all possible errors coming from imperfect
blockade strength, inevitable spontaneous losses of Ryd-
berg levels and imperfect ground state initialization will
be left for discussions in the next section.
III. GATE ERROR DISCUSSION
A. Blockade threshold and blockade error
To our knowledge the intrinsic blockade error lim-
ited by finite Rydberg blockade shift inevitably exists in
blockaded gates, which is scaled by ∼ 0.5(Ω0/V0)2 as an-
alyzed by Saffman and Walker originally [32]. Owing to
the apply of different control-control and target-control
interactions, the realistic blockade error may suffer from
the imperfect strengths of Vtc and Vcc at the same time,
bringing modifications to this scaling relation.
In the following we carry out an exploration of the
blockade strength threshold, paying special attention to
the relative ratio between Vtc and Vcc, for obtaining the
minimal values of blockade strengths. Similarly we define
a partial average fidelity (PAF) covering part of input
states, as
F0,01 = 1
4
Tr
√√
ρet,01ρ01(t = tdet)
√
ρet,01 (6)
F0,00 = 1
2
Tr
√√
ρet,00ρ00(t = tdet)
√
ρet,00 (7)
with F0,01 for four states |01β〉 and |10β〉 in Case 2
that are only affected by the target-control blockade
Vtc, and with F0,00 for two states |00β〉 in Case 3
affected by stronger blockade Vtc and Vcc. Accord-
ingly, ρet,01 and ρet,00 describe the etalon states of
{|010〉, |011〉, |100〉, |101〉} and {|000〉, |001〉}, ρ01(t) and
ρ00(t) are the corresponding real-time density matrix el-
ement of them. Here we ignore |11β〉 because no blockade
FIG. 4. (color online). (a-b) The partial average fideli-
ties F0,01 and F0,00 versus tunable interactions denoted by
the ratios Vcc/Vtc and Vtc/Ω0, with respect to Case 2 and
Case 3. The black-dashed line or red arrow calibrates the
threshold value of blockade by numerical ways where criti-
cal values V ctc/Ω0 = 12 and V
c
cc/V
c
tc = 1.0 are found. Here
Ω0 = 2π × 20MHz.
exists if the input state is |11β〉, arising the PAF for |11β〉
limited by a decay error only. However, we believe that
F0,01 and F0,00 will be sensitively modified by using ad-
justable target-control and control-control interactions,
leading to an interaction-dependent oscillating behavior
for the final output state probability.
Figure 4 globally shows the oscillating behavior ofF0,01
and F0,00 where a continuous change for the ratios of
Vcc/Vtc and Vtc/Ω0, instead of their absolute values, is
used for presenting the least requirement of blockade
strengths. It is obvious that F0,01 [(a)] only depends
on Vtc/Ω0, perfectly agreeing with our interpretations
in Case 2 that only the target-control interaction plays
roles. As increasing Vtc/Ω0 (keeping Ω0 a constant)
F0,01 reveals an amplitude-decaying oscillation tending
towards a saturation as Vtc is sufficiently large. The
threshold value for Vtc/Ω0 can be numerically estimated
in Fig. 4(a) by comparing two maximal values in two
nearby oscillating periods, allowing the difference smaller
than < 10−4. According to the criterion we solve the
threshold value V ctc ≈ 12Ω0 = 2π × 240MHz, arising a
critical blockade radius for the target-control blockade,
which is Rb = 4.24µm.
In addition, seen from Case 3 the PAF F0,00 affected
by two blockade mechanisms, will expectedly reveal in-
tenser interaction-dependent oscillations when Vcc/Vtc or
Vtc/Ω0 varies, attributing to the constraints of stronger
blockade condition. Based on the analysis of target-
control blockade threshold V ctc we only adjust Vcc/Vtc,
denoted by the black-dashed line in (b), in order to see
the interaction-dependent behavior of F0,00 for obtain-
ing a minimal value of V ccc. A similar saturation effect
with a decaying-oscillation amplitude is found in F0,00
as Vcc/Vtc increases, verifying the importance of deter-
mining a blockade threshold V ccc. A same numerical way
is implemented by comparing the difference of maximum
in nearby oscillating periods, letting it below 10−4, aris-
ing V ccc = V
c
tc. The resulting blockade radius for the
control-control and target-control atoms is also same.
Finally we obtain a set of experimental parameters for
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FIG. 5. (color online). Blockade error Eb (black-solid with
circles) versus the varying of Ω0/V0, exactly fitted numerically
(green-dashed) under the least square criterion. A theoretical
function (red-solid) is used to rescale the numerical data by
Eb ∝ 0.5(Ω0/V0)1.97. Here V0 = Vcc = Vtc.
achieving this high-quality three-qubit Toffoli gate in a
real implementation, which are
Ω0/2π= 20MHz, V0 = V
c
cc/2π = V
c
tc/2π = 240MHz
Rb = 4.24µm,Γ/2π = 1.5kHz, T = 125ns. (8)
Based on which we are able to re-modify the scaling
relation of blockade error Eb defined by Eb = 1 − F0
with respect to the ratio Ω0/V0, as shown in Figure 5.
Generally speaking, the blockade error Eb intrinsically
comes from imperfect blockade strengths [red arrows in
Fig.2] which becomes worse as V0 decreases. Therefore
Eb(black-solid with circles) is observed to continuously
enhance accompanied by strong oscillations as increas-
ing Ω0/V0, numerically fitted by a green-dashed curve
via least-squares criterion. Previous work has proposed
a power function Eb ∼ 0.5(Ω0/V0)2 ≈ 10−3 to rescale
this enhancement [32]. Here we suggest a more univer-
sal function form (Ω0/V0)
m for fitting this curve in or-
der to obtain a more precise value m. It implies that
m = 1.97 (red-solid) is a reasonable number to rescale
the average data in our scheme, by which the blockade
error with parameters in Eq.(8) can be estimated to be
Eb ∼ 0.5(Ω0/V0)1.97 = 3.7× 10−3.
B. Error from spontaneous decay
Furthermore, we introduce EΓ = 1−F0 standing for the
decay error and exploit its relation to the spontaneous de-
cay rate Γ of Rydberg states. Ideally, the finite lifetime of
highly-excited Rydberg states limited by the decay rate
must scale as 1/Γ ∝ n3, accompanying by the fact that
a smaller Rabi frequency Ω0 leads to a longer duration
τ ∼ π/Ω0 on Rydberg levels, giving rise to EΓ ∝ α(Γ/Ω0)
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FIG. 6. (color online). Decay error EΓ stemming from the
finite lifetime of Rydberg levels, versus the variation of spon-
taneous decay rate Γ. (a) EΓ under different vdWs inter-
action strengths V0/Ω0 = 12(black-solid, threshold), 4.8(red
triangles), 16(blue diamonds) where Ω0 = 2π × 20MHz; (b)
EΓ under different absolute optical Rabi frequencies Ω0/2π =
20MHz(black-solid), 10MHz(blue diamonds) and 40MHz(red
triangles) where the blockaded energy is V0 = 2π × 240MHz.
[α is a coefficient]. Next we will study this linear scaling
relation by numerical tools.
Figure 6(a) plots EΓ versus Γ/Ω0 by tunably adjust-
ing the vdWs interaction strengths V0 = (12, 16, 4.8)Ω0
where Ω0/2π = 20MHz is fixed. It occurs an exact linear
increase for the decay error EΓ as Γ/Ω0 increases from the
starting point EΓ → 0, Γ→ 0, as long as V0 is larger than
its threshold value 12Ω0. However an imperfect block-
ade under V0/Ω0 < 12 (here V0/Ω0 = 4.8, red triangles)
will arise an upward shift of this linear curve meaning a
poor decay error, yet its slope preserves a constant. A
special point where Γ → 0 for V0/Ω0 = 4.8 stands for
the imperfect blockade error around 0.04, being one or-
der of magnitude larger than the perfect blockade error
Eb ∼ 0.0037.
Also in Fig. 6(b), converting Fig. 6(a) into another
frame by displaying the relation of EΓ and Γ/Ω0 for dif-
ferent absolute Rabi frequencies Ω0 may give similar re-
sults. First an agreeable linear scaling is found, stressing
the importance of strong blockade condition V0/Ω0 ≥ 12
(Ω0/2π ≤ 20MHz) in the reduction of decay error EΓ.
However when Ω0/2π = 50MHz (V0/Ω0 = 4.8) it appears
a same upward shift for the scaling line as in (a), mean-
ing that even Γ → 0 there exists an inevitable blockade
error from the imperfection of blockade strength. The
imperfect blockade error can also be absorbed from the
shifted energy on axis y when Γ = 0 since the decay error
reduces to zero there. In our calculations the real decay
error is estimated to be EΓ = α(Γ/Ω0)1 ∼ 4.0 × 10−4
[α = 7π/4 is obtained from Ref. [33]], perfectly confirm-
ing the results of EFs: F110 = F111 = 0.9996 which are
only affected by the intrinsic decay error.
C. Error to imperfect ground-state preparation
Errors due to the effects of blockade imperfection and
spontaneous decays are intrinsic to the blockade gate op-
eration. Besides there exists another artificial error that
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FIG. 7. (color online). A comparison for the average fidelity
F0 of three-qubit Toffoli gate in 1D array (blue line with
circles) and 2D triangular lattices (red line with triangles),
versus the change of imperfect probabilities for initial-state
preparation, denoted by ǫ1ǫ2ǫ3 with ǫi the probability of each
initial qubit {|α〉, |α〉, |β〉} respectively. Based on experimen-
tal results we choose the product ǫ1ǫ2ǫ3 ∈ [0.955, 0.990] where
ǫi is created randomly.
mainly depends on the experimental technology of initial
state preparation. In fact it is impossible to implement
an exact accurate preparation of quantum states |ααβ〉
with unit efficiency, however the ground state fidelity has
been deeply improved by current trapping and detecting
tools in experiment.
Taking the input state |000〉 as an example, we assume
the control atom C0 has a ǫ1-probability in state |0c〉 and
(1 − ǫ1)-probability in state |1c〉. Similarly this tunable
coefficient for the control atom C1 and target atom T is
respectively ǫ2 and ǫ3. Noting that ǫi is a random number
generated from a random number generator, ensuing the
product ǫ1ǫ2ǫ3 ∈ [0.955, 0.990] from experimental facts
[44]. To this end if the original input qubit is purely
|000〉 the actual input state becomes a superposition state
consisting of full eight bare states |ααβ〉. Nevertheless
except for |000〉 whose existing probability is ǫ1ǫ2ǫ3 is
close to 1.0, the probabilities of other seven states are all
very poor owing to its probability proportional to a tiny
value (1 − ǫi).
In Figure 7 we set ǫ1ǫ2ǫ3 as a tunable variable that
changes randomly between 0.955 and 0.990, representing
the imperfection of initialization, where every ǫi is gen-
erated randomly from a similar range. It is clear that
the AF F0 linearly increases with the product of ǫ1ǫ2ǫ3,
from F0 = 0.9764 at ǫ1ǫ2ǫ3 = 0.955 to F0 = 0.9939 at
ǫ1ǫ2ǫ3 = 0.990. Also this linear scaling can be identified
in the model of a 1D three-atom array in which the AF
also exhibits a linear increase as increasing ǫ1ǫ2ǫ3. Here
our proposed scheme (2D triangular lattice) is superior
to the former 1D-array type Toffoli gate by an enhanced
fidelity of ∼ 0.0076, mainly caused by the stronger block-
ade strength preserved among three identical atoms in a
triangular lattice. While in a 1D array lattice the next to
nearest (NN) control-control interaction is longer range
and weak, insufficient for blocking the complete excita-
tion of the target atom, arising a poor gate fidelity yield.
It is predicted that this initialization error will be accu-
mulated as the number of gate atoms increases, bring-
ing an important influence to the multiqubit gate perfor-
mance. A detailed comparison of multi-atom gate per-
formance trapped in a 1D array lattice or 2D triangular
lattice would be discussed in Sec. IVB.
IV. MULTIQUBIT TOFFOLI GATE SPHERE
A. Toffoli blockade gate sphere
In a real implementation the three-qubit Toffoli gate
has been suggested to an n-atom controlled NOT
(CnNOT) gate extension via common pulses that is in-
dependent of n [26]. Accompanied by the experimental
achievement that mesoscopic Rydberg superatom sphere
promising one excitation that shifts all other atoms out
of resonance, has been created [45], we study an exten-
sive multiqubit Toffoli gate characterized by a spheri-
cal model, taking the special triangular arrangement of
atoms into account, which further proves the scheme va-
lidity mainly decided by d ≤ Rb. Compared to other
multiqubit CnNOT schemes based on square lattice [26],
cavity QED [46], quantum circuits [47, 48] and cavity-
waveguide systems [49], our protocol benefits from an en-
tirely unconstrained spatial arrangement of control atoms
inside the Toffoli sphere, enabling a highly efficient im-
plementation of arbitrary-qubit Rydberg Toffoli gate in
experiment.
As represented in Fig.8(a) we show an (n + 1)-qubit
Toffoli gate sphere formed by one target atom in the
center surrounded by n control atoms, in which the
longest spacing between two control atoms is set to be
d = Rb = 4.24µm ensuring a well blockade mechanism at
any time between arbitrary atoms inside the sphere. Sim-
ilar to the preparation of superatom sphere which con-
tains 100-500 atoms or more within a typical diameter of
(3 ∼ 5)µm [45, 50] we consider a regular arrangement for
atoms inside the Toffoli sphere via 3D lattice technique
[51], where the nearest spacing between control-control or
target-control atoms is Rcc = Rtc = 1.06µm, depending
on the experimental facts that two atoms can be individ-
ually trapped in lattices with a minimal spacing of about
1µm [40]. Therefore, the maximal filling number of con-
trol atoms within the Toffoli blockade sphere is n = 46
in which the behavior of one target atom can be simul-
taneously manipulated by 46 surrounding control atoms.
The full distribution of these 46 control atoms can
be classified into three cross profiles, as represented in
Fig.8(b) where the endpoint-control and middle-control
atoms are denoted by blue and yellow circles, respec-
8FIG. 8. (color online). Schematic of the (n+ 1)-qubit Toffoli
gate sphere with one central target atom surrounded by max-
imal n = 46 control atoms. (a) A global view for the Toffoli
sphere in diameter of d = 4.24µm, as same as the blockade
radius Rb. The minimal two-atom (control-control or control-
target) distance is set to be Rtc = Rcc = 1.06µm, determined
by the experimental implementation of the least spacing be-
tween two trapped atom lattices [40]. The sphere can hold up
to 46 control atoms, forming a (46+1)-qubit Toffoli gate. (b)
A detailed cross-profile description of a regular-hexagon con-
figuration filled with one target (green) and 18 control (blue
and yellow) atoms. Noting that a sphere contains only three
cross profiles constrained by the minimal two-atom distance
∼ 1.0µm in the experiment.
tively. Noticing a recent preprint reported the possibility
of hundreds of microscopic atomic ensembles for encoded
Rydberg qubits via optical tweezer approach also con-
firming the validity of our protocol [52]. The inclusion of
middle-control atoms allows the minimal atomic spacing
as small as ∼ 1.06µm yet without adding new physics
then. Therefore it is reasonable to take some fewer-atom
models (n = 2, 3, 4) as examples, with endpoint-control
atoms only in order to compare gate performances in
the presence of different multiqubit atom structures. In
the calculation we have ignored the middle-control atoms
leading to the nearest spacing of two atoms equal to Rb/2.
B. fewer-atom schemes
A straightforward extension from the (2+1)-qubit tri-
angular protocol [see red frame in Fig.8(b)], is adopt-
ing (3 + 1)-quadrangle (blue frame) or (4 + 1)-trapezoid
(green frame) configuration, for the purpose of studying
the influence of NN interaction or next to next nearest
(NNN) interaction. For instance when placing a fourth
atom with equal separations to one control atom and the
target atom, it leads to the NN spacing
√
3-times bigger
than the nearest spacing i.e. Rc−to−c =
√
3Rcc due to
its long-range feature. Consequently the NN interaction
strength becomes Vc−to−c =
1
27V0 that may be insuffi-
cient for blocking the target excitation. One alternative
way to overcome it is reducing the size of gate, allowing
the long-range spacing between two NN control atoms
Rc−to−c ≤ Rb. To this end the small interaction Vc−to−c
is still able to realize a blocked excitation threshold for
the target atom. Accordingly the same solution can also
be applied to the scheme with (4 + 1) atoms where the
NNN distance Rc−to−to−c must be smaller than Rb.
Relevant calculations depending on a numerical solving
of the master equation with same pulses via RK method
are presented in Fig. 9 except that the number of input
qubit states turns to be N = 24 or 25 then. For the
case of n = 3 (four atoms), we comparably show the re-
sults by setting the nearest spacing Rtc = Rcc = Rb in
(a1) and the NN spacing Rc−to−c = Rb in (a2). Clearly,
in (a1) the weaker interaction between two NN con-
trol atoms (1/27 of the blockaded energy), decided by
Rc−to−c =
√
3Rb = 7.35µm, is insufficient for preserving
the least requirement of strong blockade. Therefore, if
atoms C0 and C2 are both prepared in state |0c〉 referring
to the input states like |0α0β〉, the imperfect blockade ef-
fect can not suppress the excitation of the target atom,
causing the output fidelity very low, see the table in Fig.
9(a1) [red texts]. The total AF covering N = 16 input
states is calculated to be F0 = 0.8967. However as ex-
pected, if the long-range NN spacing Rc−to−c is reduced
to be Rb the corresponding nearest neighbor spacing be-
comes 2.45µm at the same time, as represented in (a2).
With this improvement, we find the AF of gate can return
back to a higher level ∼ 0.9989 with all EFs more than
0.99, perfectly verifying the correctness of the blockade
threshold as found in section IIIA. Note that this nearest
neighbor spacing ∼ 2.45µm between two atom lattices is
still achievable by current experimental technology.
To further verify the robustness of an (n + 1)-qubit
Toffoli gate sphere, a similar extension is carried out by
considering a (4+1)-trapezoid structure in which the far-
thest interatomic distance i.e. the diameter of sphere is
set to be Rb exactly. To this end the addition of extra
atoms can safely preserve the blockade condition over the
entire Toffoli sphere, never breaking it. From Fig. 9(b1)
to (b3) with decreasing the size of gate by a smaller in-
teratomic spacing, finally our gate attains a maximal AF
∼ 0.9985 with all EFs above 0.99 when the NNN spacing
is lowered to the critical value Rb. If not, e.g. in (b1)
only the nearest neighbor distance satisfies the blockade
threshold. In that case for Rc−to−to−c = 8.48µm, control
atoms C0 and C3 are not influenced by blockade effect
having a probability to be excited to the Rydberg levels
at the same time. As a result if state |0110β〉 is pre-
pared (only C0 and C3 can be excited), causing a poor
blocking to the excitation of target atom, one still has
9FIG. 9. (color online). (a1-a2) The truth table of the EF and AF for the gate performance of a (3 + 1)-atom Toffoli scheme
where different two-atom distances are used. (a1) Rtc = Rcc = Rb = 4.24µm and Rc−to−c =
√
3Rb = 7.35µm; (a2) Rtc =
Rcc = 2.45µm and Rc−to−c = Rb = 4.24µm. (b1-b3) Same quantities are solved in the case of a (4 + 1)-atom protocol under
different interatomic separations: (b1) Rtc = Rcc = Rb = 4.24µm, Rc−to−c =
√
3Rb = 7.35µm, Rc−to−to−c = 2Rb = 8.48µm;
(b2) Rtc = Rcc = 2.45µm, Rc−to−c = Rb = 4.24µm, Rc−to−to−c = (2/
√
3)Rb = 4.90µm; (b3) Rtc = Rcc = 2.12µm,
Rc−to−c = 3.67µm, Rc−to−to−c = Rb = 4.24µm.
a relative high fidelity output 0.77 ∼ 0.78 [blue texts in
(b1)]. Otherwise it is remarkable that if other control
atoms probably exist on |0c〉 simultaneously, an extra
breakup of blockade effect leads to a competition between
multi-excitation channels among more than two control
atoms that would deeply decrease the final EF of the cor-
responding input states, e.g. |0000β〉, |0010β〉, |0100β〉
[red texts in (b1)].
Decreasing the length of interatomic distance arises
an obvious improvement to the EFs of states |0αα0β〉,
as implied in (b2) in which the EFs affected by long-
range and multi-excitation obtain an obvious enhance-
ment, reaching above ∼ 0.90 because the NNN spacing is
still Rc−to−t−to−c = 4.90µm> Rb in this case. Supported
by (b3) that as long as the two farthest endpoint-control
atom is separated by Rb, all EFs will return back to a
high level > 0.99 ensuring the average gate fidelity F0
preserving a saturation value ∼ 0.9985.
Remarkably this value is slightly smaller than the AF
values in (2+ 1)- or (3+ 1)-qubit Toffoli gates, primarily
determined by the accumulated blockade errors Eb from
multiqubit operation, as discussed in section IIIA, be-
cause another decay error EΓ is one order of magnitude
smaller that can not dominantly affect the fidelity value
then. Expectedly for input states |11β〉, |111β〉, |1111β〉
without any blockade error all EFs can be preserved to
be a constant ∼0.9996 based on our calculations.
C. Comparing with a 1D-array atomic lattice
In order to show the robustness of the multiqubit Tof-
foli sphere as compared to an original 1D-array system,
Figure 10 presents the final AF of multiqubit gates with
the increase of control atom numbers n under two differ-
ent protocols, where the nearest spacing is set to be (a)
10
Rb and (b) Rb/2, respectively. In (a) by utilizing a 1D-
array protocol, due to the longer-range imperfect block-
ade mechanism directly increasing with n the AF suffers
from a straightforward fall, attaining as low as 0.5434 if
n = 4. Nevertheless, our novel structure can achieve a
higher fidelity for n = 4 owing to its well preserved block-
ade effect. Because in the 1D model the strong blockade
effect between two nearest control atoms on one side may
cause a competition of excitation in themselves, difficult
for blocking the target excitation. If it happens the target
atom will naturally change its final state by experienc-
ing an excitation and de-excitation process, breaking the
input-output procedure.
Fortunately, while reducing the nearest neighbor spac-
ing into Rb/2 our scheme manifests as a perfect multi-
qubit Toffoli gate that can strongly preserve the AF at
a very high level no matter what the number of control
atoms is. It mainly benefits from the Toffoli sphere model
as similar as a superatom blockaded sphere, in which two
arbitrary atoms suffer from a blockaded energy once its
diameter is kept to be smaller than the blockade radius
Rb. However this solution can not work for the case
of a 1D array lattice as confirmed by (b) in which the
AF still acquires a big decrease with n, because the im-
perfect blockade remains between longer-range control-
control atoms based on a 1D array lattice.
V. CONCLUSION
The development of single superatom preparation in
a three-dimensional lattice system may provide a clean
platform for predominant gate operation in quantum
computation. We propose a spherical (n+1)-qubit Tof-
foli gate protocol by manipulating the behavior of one
central target atom with n surrounding control atoms
in the sphere, essentially enabled by the strong Rydberg
blockade. This mechanism was widely utilized in other
quantum logic gates with Rydberg atoms [53–55]. How-
ever, differing from the previous works here a simpler and
scalable spherical configuration is considered ensuring a
perfect preservation for any two-atom strong blockade,
once the diameter of sphere is equal to or smaller than the
two-atom blockade radius. Therefore, the only constraint
determining the maximal filling atomic number inside the
sphere, is the least spacing between two trapped-atom
lattices, characterized by the nearest neighbor interac-
tion. So far the period of lattice depending on the angle
of two forming beams can be easily adjusted to a desired
value in experimental setup [56], from 0.96µm∼ 11.2µm
in one second [40]. Hence by considering the nearest spac-
ing as small as 1.06µm, the maximal filling number con-
tains one target atom plus 46 surrounding control atoms,
forming a (46+1)-qubit Toffoli gate sphere. The trapping
technology for developing large-scale neutral atom qubit
systems has recently reported via optical tweezers in yt-
terbium Rydberg atoms, promising for a 3D multi-array
Rydberg atom confinement [57].
FIG. 10. (color online). The AF versus the number of con-
trol atoms n = 2, 3, 4, under a 2D triangular (blue-solid) and
an 1D array (red-dashed) protocols. The target and control
atoms are denoted by green and blue circles, respectively. (a)
The nearest neighbor spacing is 4.24µm. (b) The nearest
neighbor spacing is 2.12µm.
We comparably demonstrate the high-quality perfor-
mance of (2+1)-, (3+1)-, and (4+1)-qubit Toffoli gates
by exactly solving the output probabilities via five com-
mon π pulses under the variation of relative blockade
strengths, which confirms the importance of Rydberg
blockade threshold for realizing a higher average gate fi-
delity. Detailed analyses for the quality of a (2+1)-qubit
gate, taking into account realistic experimental param-
eters, show that the gate errors are mainly attributed
to the imperfect blockade strength, the spontaneous de-
cay from Rydberg levels as well as the imperfect ground
state preparation, which have a quantitatively agreement
with the previous theoretical predictions. In contrast to
the typical 1D-array schemes, our Toffoli sphere protocol
enables a well preservation for a high gate fidelity with
the increase of n, ensuing a flexible extension to realize
an arbitrary multiqubit fast gate operation as well as the
production of Rydberg-mediated multi-particle entangle-
11
ment of tens of atoms in a higher-dimensional atom array. ACKNOWLEDGMENTS
This work was supported by the National Natu-
ral Science Foundation of China under Grants Nos.
11474094, 91950112, 11174081,11104076, the Science and
Technology Commission of Shanghai Municipality under
Grant No. 18ZR1412800, the National Key Research
and Development Program of China under Grant No.
2016YFA0302001, and the Academic Competence Funds
for the outstanding doctoral students under Grant No.
YBNLTS2019-023.
[1] M. Saffman, “Quantum computing with atomic qubits
and Rydberg interactions: progress and challenges”, J.
Phys. B: At. Mol. Opt. Phys. 49 202001 (2016).
[2] D. Cory, M. Price, W. Maas, E. Knill, R. Laflamme, W.
Zurek, T. Havel, and S. Somaroo, “Experimental quan-
tum error correction”, Phys. Rev. Lett. 81, 2152 (1998).
[3] Schindler, J. Barreiro, T. Monz, V. Nebendahl, D. Nigg,
M. Chwalla, M. Hennrich and R. Blatt, “Experimental
repetitive quantum error correction”, Science, 332 1059
(2011).
[4] A. Paetznick and B. Reichardt, “Universal fault-tolerant
quantum computation with only transversal gates and
error correction”, Phys. Rev. Lett. 111, 090505 (2013).
[5] T. Monz, K. Kim, W. Ha¨nsel, M. Riebe, A. Villar, P.
Schindler, M. Chwalla, M. Hennrich, and R. Blatt, “Re-
alization of the quantum Toffoli gate with trapped ions”,
Phys. Rev. Lett. 102, 040501 (2009).
[6] C. Figgatt, A. Ostrander, N. Linke, K. Landsman, D.
Zhu, D. Maslov and C. Monroe, “Parallel entangling op-
erations on a universal ion-trap quantum computer”, Na-
ture 572, 368 (2019).
[7] A. Fedorov, L. Steffen, M. Baur, M. Silva, and A. Wall-
raff, “Implementation of a Toffoli gate with supercon-
ducting circuits”, Nature 481, 170 (2012).
[8] M. Reed, L. DiCarlo, S. Nigg, L. Sun, L. Frunzio, S.
Girvin, R. Schoelkopf, “Realization of three-qubit quan-
tum error correction with superconducting circuits”, Na-
ture 482, 382 (2012).
[9] T. Baekkegaard, L. Kristensen, N. Loft, C. Andersen, D.
Petrosyan and N. Zinner, “Realization of efficient quan-
tum gates with a superconducting qubit-qutrit circuit”,
Sci. Reps. 9, 13389 (2019).
[10] E. Zahedinejad, J. Ghosh, and B. Sanders, “High-fidelity
single-shot Toffoli gate via quantum control”, Phys. Rev.
Lett. 114, 200502 (2015).
[11] B. Lanyon, M. Barbieri, M. Almeida, T. Jennewein, T.
Ralph, K. Resch, G. Pryde, J. OBrien, A. Gilchrist,
A. White, “Simplifying quantum logic using higher-
dimensional Hilbert spaces”, Nat. Phys, 5, 134 (2009).
[12] M. Gullans, J. Petta, “Protocol for a resonantly driven
three-qubit Toffoli gate with silicon spin qubits”, Phys.
Rev. B 100, 085419 (2019).
[13] M. Micˆuda, M. Sedla´k, I. Straka, M. Mikova´, M. Dusˆek,
M. Jezˆek, and J. Fiura´sˆek, “Efficient experimental esti-
mation of fidelity of linear optical quantum Toffoli gate”,
Phys. Rev. Lett. 111, 160407 (2013).
[14] H. Huang, W. Bao, T. Li, F. Li, X. Fu, S. Zhang, H.
Zhang, X. Wang, “Deterministic linear optical quantum
Toffoli gate”, Phys. Lett. A, 381, 2673 (2017).
[15] A. Barenco, C. Bennett, R. Cleve, D. DiVincenzo, N.
Margolus, P. Shor, T. Sleator, J. Smolin and H. We-
infurter, “Elementary gates for quantum computation”,
Phys. Rev. A 52, 3457 (1995).
[16] T. Ralph, K. Resch, and A. Gilchrist, “Efficient Toffoli
gates using qudits”, Phys. Rev. A 75, 022313 (2007).
[17] N. Yu, R. Duan, and M. Ying, “Five two-qubit gates are
necessary for implementing the Toffoli gate”, Phys. Rev.
A 88, 010304(R) (2013).
[18] L. Biswal, D. Bhattacharjee, A. Chattopadhyay, and H.
Rahaman, “New techniques for fault-tolerant decomposi-
tion of Multi-Controlled Toffoli gate”, arxiv: 1904.06920.
[19] M. D. Lukin, M. Fleischhauer, R. Cote, L. M. Duan, D.
Jaksch, J. I. Cirac, and P. Zoller, “Dipole blockade and
quantum information processing in mesoscopic atomic
ensembles”, Phys. Rev. Lett. 87, 037901 (2001).
[20] J. Pritchard, D. Maxwell, A. Gauguet, K. Weatherill, M.
Jones, and C. Adams, “Cooperative atom-light interac-
tion in a blockaded Rydberg ensemble”, Phys. Rev. Lett.
105, 193603 (2010).
[21] J. Qian, X. Zhao, L. Zhou and W. Zhang, “Anisotropic
deformation of the Rydberg-blockade sphere in few-atom
systems”, Phys. Rev. A 88, 033422 (2013).
[22] M. Saffman, T. Walker, and K. Mølmer, “Quantum in-
formation with Rydberg atoms”, Rev. Mod. Phys. 82,
2313 (2010).
[23] L. Isenhower, E. Urban, X. Zhang, A. Gill, T. Henage,
T. Johnson, T. Walker, and M. Saffman, “Demonstration
of a neutral atom controlled-NOT quantum gate”, Phys.
Rev. Lett. 104, 010503 (2010).
[24] H. Levine, A. Keesling, G. Semeghini, A. Omran, T.
Wang, S. Ebadi, H. Bernien, M. Greiner, V. Vuletic´, H.
Pichler, and M. Lukin, “Parallel Implementation of high-
fidelity Multiqubit gates with neutral atoms”, Phys. Rev.
Lett. 123, 170503 (2019).
[25] I. Beterov, I. Ashkarin, E. Yakshina, D. Tretyakov, V.
Entin, I. Ryabtsev, P. Cheinet, P. Pillet, and M. Saffman,
“Fast three-qubit Toffoli quantum gate based on three-
body Fo¨rster resonances in Rydberg atoms”, Phys. Rev.
A 98, 042704 (2018).
[26] L. Isenhower, M. Saffman and K. Mølmer, “Multibit
CkNOT quantum gates via Rydberg blockade”, Quan-
tum Inf Process 10, 755 (2011).
12
[27] J. Gulliksen, D. Bhaktavatsala R. Dasari and K. Mølmer,
“Characterization of how dissipation and dephasing er-
rors accumulate in quantum computers”, EPJ Quantum
Technology 2, 1 (2015).
[28] X. Shi, “Deutsch, Toffoli, and CNOT gates via Rydberg
blockade of neutral atoms”, Phys. Rev. Applied 9, 051001
(2018).
[29] Y. Cao, G. Wang, H. Liu and C. Sum, “Implementation
of a Tofoli gate using an array of coupled cavities in a
single step”, Sci. Reps. 8, 5813 (2018).
[30] T. Graham, M. Kwon , B. Grinkemeyer , Z. Marra, X.
Jiang, M. Lichtman , Y. Sun, M. Ebert , and M. Saffman,
“Rydberg-mediated entanglement in a two-dimensional
neutral atom qubit array”, Phys. Rev. Lett. 123, 230501
(2019).
[31] S. Rasmussen and N. Zinner, “Single-step implementa-
tion of high-fidelity n-bit Toffoli gate”, arxiv: 1910.07548.
[32] M. Saffman and T. Walker, “Analysis of a quantum
logic device based on dipole-dipole interactions of opti-
cally trapped Rydberg atoms”, Phys. Rev. A 72, 022347
(2005).
[33] X. Zhang, A. Gill, L. Isenhower, T. Walker, and M.
Saffman, “Fidelity of a Rydberg-blockade quantum gate
from simulated quantum process tomography”, Phys.
Rev. A 85, 042310 (2012).
[34] X. Shi, “Rydberg quantum gates free from blockade er-
ror”, Phys. Rev. Applied 7, 064017 (2017).
[35] D. Petrosyan, F. Motzoi, M. Saffman, and K. Mølmer,
“High-fidelity Rydberg quantum gate via a two-atom
dark state”, Phys. Rev. A 96, 042306 (2017).
[36] F. Nogrette, H. Labuhn, S. Ravets, D. Barredo, L.
Be´guin, A. Vernier, T. Lahaye, and A. Browaeys, “Single-
atom trapping in holographic 2D arrays of microtraps
with arbitrary geometries”, Phys. Rev. X 4, 021034
(2014).
[37] G. Jo, J. Guzman, C. Thomas, P. Hosur, A. Vishwanath,
and D. Kurn, “Ultracold Atoms in a tunable optical
kagome lattice”, Phys. Rev. Lett. 108, 045305 (2012).
[38] D. Barredo, S. Ravets, H. Labuhn, L. Be´guin, A. Vernier,
F. Nogrette, T. Lahaye, and A. Browaeys, “Demonstra-
tion of a strong Rydberg blockade in three-Atom sys-
tems with anisotropic interactions”, Phys. Rev. Lett.
112, 183002 (2014).
[39] A. Gae¨tan, Y. Miroshnychenko, T. Wilk, A. Chotia, M.
Viteau, D. Comparat, P. Pillet, A. Browaeys and P.
Grangier, “Observation of collective excitation of two in-
dividual atoms in the Rydberg blockade regime”, Nat.
Phys. 5, 115 (2009).
[40] T. Li, H. Kelkar, D. Medellin, and M. Raizen, “Real-time
control of the periodicity of a standing wave: an optical
accordion”, Optics Express 16, 5465 (2008).
[41] L. Be´guin, A. Vernier, R. Chicireanu, T. Lahaye, and
A. Browaeys, “Direct measurement of the van der Waals
interaction between Two Rydberg atoms”, Phys. Rev.
Lett. 110, 263201 (2013).
[42] I. Beterov, I. Ryabtsev, D. Tretyakov, and V. Entin,
“Quasiclassical calculations of blackbody-radiation-
induced depopulation rates and effective lifetimes of Ry-
dberg nS, nP , and nD alkali-metal atoms with n≤80”,
Phys. Rev. A 79, 052504 (2009).
[43] M. Nielsen and I. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, UK, 2011).
[44] H. Levine,. A. Keesling, A. Omran, H. Bernien, S.
Schwartz, A. Zibrov, M. Endres, M. Greiner, V. Vuletic´,
and M. Lukin, “High-fidelity control and entanglement
of Rydberg-atom qubits”, Phys. Rev. Lett. 121, 123603
(2018).
[45] T. Weber, M. Ho¨ning, T. Niederprm, T. Manthey, O.
Thomas, V. Guarrera, M. Fleischhauer, G. Barontini
and H. Ott, “Mesoscopic Rydberg-blockaded ensembles
in the superatom regime and beyond”, Nat. Phys. 11,
157 (2015).
[46] X. Shao, A. Zhu, S. Zhang, J. Chuang and K. Yeon, “Effi-
cient scheme for implementing an N-qubit Toffoli gate by
a single resonant interaction with cavity quantum elec-
trodynamics”, Phys. Rev. A 75, 034307 (2007).
[47] M. Saeedi and M. Pedram, “Linear-depth quantum cir-
cuits for n-qubit Toffoli gates with no ancilla”, Phys. Rev.
A 87, 062318 (2013).
[48] H. Wei and P. Zhu, “Implementations of two-photon
four-qubit Toffoli and Fredkin gates assisted by nitrogen-
vacancy centers”, Sci. Rep. 6, 35529 (2016).
[49] Z. Peng, C. Jia, Y. Zhang, Z. Zhu, S. Tang, J. Yuan,
X. Liu, L. Kuang, “Hybrid Toffoli gates with dipole-
induced transparency effect in series and parallel cavity-
waveguide systems”, Quantum Information Processing
18, 284 (2019).
[50] C. Hofmann, G. Gu¨nter, H. Schempp, M. RVincent, M.
Ga¨rttner, J. Evers, S. Whitlock, and M. Weidemu¨ller,
“Sub-poissonian statistics of Rydberg-interacting dark-
state polaritons”, Phys. Rev. Lett. 110, 203601 (2013).
[51] A. Kumar, T. Wu, F. Giraldo, D. Weiss, “Sorting ul-
tracold atoms in a three-dimensional optical lattice in a
realization of Maxwells demon”, Nature 561, 83 (2018).
[52] Y. Wang, S. Shevate, T. Wintermantel, M. Morgado, G.
Lochead, and S. Whitlock, “Preparation of hundreds of
microscopic atomic ensembles in optical tweezer arrays”,
arxiv: 1912.04200.
[53] D. Møller, L. Madsen and K. Mølmer, “Quantum gates
and multiparticle entanglement by Rydberg excitation
blockade and adiabatic passage”, Phys. Rev. Lett. 100,
170504 (2008).
[54] L. Theis, F. Motzoi, F. Wilhelm and M. Saffman, “High-
fidelity Rydberg-blockade entangling gate using shaped,
analytic pulses”, Phys. Rev. A 94, 032306 (2016).
[55] Y. Zeng, P. Xu, X. He, Y. Liu, M. Liu, J. Wang, D. Pa-
poular, G. Shlyapnikov, and M. Zhan, “Entangling two
individual atoms of different isotopes via Rydberg block-
ade”, Phys. Rev. Lett. 119, 160502 (2017).
[56] L. Fallani, C. Fort, J. Lye and M. Lnguscio, “Bose-
Einstein condensate in an optical lattice with tunable
spacing: transport and static properties”, Optics Express
13, 4303 (2005).
[57] J. Wilson, S. Saskin, Y. Meng, S. Ma, A. Burgers, J.
Thompson, “Trapped arrays of alkaline earth Rydberg
atoms in optical tweezers”, arxiv: 1912.08754.
